We study the BPS spectrum of four dimensional N = 2 SU (2) theory with massive fundamental matters using the D3-brane probe. Since the BPS states are realized by string webs subject to the BPS conditions, we determine explicitly the configurations of such webs. It is observed that there appear BPS string webs with multiple of junctions corresponding to the fact that the curves of marginal stability in massive theory are infinitely nested. In terms of the string configurations, various properties of the curves of marginal stability are explained intuitively.
Introduction
It is well known that the non-perturbative BPS spectrum of four-dimensional N = 2 supersymmetric gauge theory is determined by the celebrated Seiberg-Witten formula [1] .
As the simplest case the BPS spectrum in SU(2) theory with N f fundamental matters has been studied in great detail [2] [3] . On the other hand, the recent analysis based on the D3-brane probe approach has provided the stringy realization of the SU(2) BPS states [4] - [8] . For instance, quark hypermultiplets in N f = 4 theory are realized as open strings connecting a probe D3-brane with a background D7-brane, while the W-boson as a string
junction. An amusing aspect of this approach is that the subtle properties of the curves of marginal stability of BPS states in the moduli space are understood rather intuitively.
The D3-brane probe analysis of the SU(2) BPS states has been performed so far in pure gauge theory (N f = 0) and gauge theory with N f = 2, 3 massless matters. In these examples the moduli space contains two singularities. Our purpose in this paper is first to extend the analysis to the case of N f = 1 massless matter for which there appear three singularities in the moduli space. This will be done in sect.2 where we also review the D3-probe realization of N = 2 SU(2) theory with fundamental matters. We then proceed to the theory with N f = 2 massive matters in sect.3. Finally sect.4 is devoted to our conclusions.
2 SU (2) theory with N f = 1 massless matter
We begin with SU(2) theory with N f = 1 massless matter. Denoting by z the order parameter of the Coulomb branch, it was shown that the theory has three singularities at z = z i (i = 1, 2, 3) in the moduli space where a dyon (or monopole) with electric-magnetic charges (p i , q i ) becomes massless. In the type IIB setup the same theory is realized as the world volume theory of a D3-brane in the background with parallel (p i , q i ) 7-branes at z = z i . Here z is the coordinate of the complex plane z = x 8 + ix 9 , p i and q i label the R-R and NS-NS charges of the 7-brane. Following the conventions in [2] , we fix the background with a (2, −1) 7-brane at z 1 = −1, a (−1, 1) 7-brane at z 2 = e i π 3 and a (0, 1) 7-brane at z 3 = e −i π 3 . The singularities cause the monodromy on the moduli space which is represented by the SL(2, Z) matrices,
In the IIB description it is due to the fact that 7-branes are the magnetic sources for τ where τ = χ + ie −φ with χ being a R-R scalar and φ a dilaton. Thus going around the (p i , q i ) 7-brane anti-clockwise τ undergoes a monodromy (1) . We introduce the branch cuts emanating from the 7-branes on the z-plane specified as in [2] . The moduli parameter (usually denoted as u) represents the position of the D3-brane.
A (p, q) dyonic state of SU (2) theory is realized by a (p, q) string ending on the D3-brane, where p and q now label the NS-NS and R-R charges of the string. To have a finite mass, the string must end on the (p i , q i ) 7-branes. This is allowed when the string separates to n i (p i , q i ) strings with (p, q) = i n i (p i , q i ) making a string web, or to strings related to (p i , q i ) strings by crossing the branch cuts. The latter configuration can be deformed continuously to the former by virtue of the Hanany-Witten effect [9] , and hence we characterize the family of such string webs by n i .
In order for the string webs to be BPS, the possible values of n i are restricted. In the framework of M-theory a string web is lifted to a membrane which must be a smooth holomorphic curve J to conserve a half of the supersymmetries [10] - [12] . Then its selfintersection number is given by
where g is the genus and b is the number of boundaries of J [13] . We consider J with b ≥ 1 because they must have boundaries on an M5-brane to which the D3-brane probe is lifted under T-duality. On the IIB side the intersection number is expressed in terms of n i [14] ,
For the background under consideration we thus have
Since (J · J) ≥ −1 we obtain from (4) the possible values of n i for the BPS string webs.
The result is presented in Table 1 .
±(2n, 1) (iv) 1 ±(n, 1, n + 1) ±(2n + 1, 0) Table 1 : The possible values of n i for BPS string webs in SU(2) theory with N f = 1 massless matter.
Note that given a value of (n 1 , n 2 , n 3 ) the configuration of corresponding string web is not uniquely determined. Thus our next step is to determine the BPS string web explicitly on the z-plane by requiring their masses to be minimum. The mass of a (p, q) string stretched along the curve C originating from z = z 0 is given by the Seiberg-Witten solutions a(z) and a D (z) [15] ,
Then, for the BPS string, the curve C is taken to be
where φ is a constant between 0 and 2π [7] [8].
Suppose that a (p, q) sting emanating from z = z 0 and a (p ′ , q ′ ) string from z = z ′ 0 meet at a point z =z which is a vertex of certain string web. The curves associated with these BPS strings have the common argument φ since the mass of a web is simply given by the sum of the masses of component strings. Note that when we construct a web with the argument φ we can use BPS strings with φ + π as well because (6) for a (p, q) string with φ + π is considered as the equation for a (−p, −q) string with φ, i.e. a (p, q) string whose direction is opposite to the string with φ. In either case we find
We note that this is nothing but the condition which determines the curve of marginal stability (CMS) in SU(2) theory where the BPS spectrum changes.
Setting φ = 0 and using the explicit forms of a(z) and a D (z) in (A.1), we have the BPS strings emanating from the 7-branes. These strings are depicted in Fig.1A . In addition Table 1 is attached at v. We see from (7) that v is on a CMS with Ima D (z)/a(z) = 0 for any φ since p i a(
The (p, q) string goes outside of the CMS because of the balance of tensions [16] . The configuration is deformed continuously when we vary φ. As φ increases, v moves anticlockwise on the CMS and the (p, q) string sweeps outside the CMS. The Hanany-Witten effect occurs at φ = (2j − 1)π/6 when v is located at z = z j .
In considering string junctions, we note that the strings listed in Table 1 (iv) are not all independent because the configurations of them and ±(2, 0) string obey the identical equation as seen from (6). We can then choose ±(1, 0) string from the 7-brane at z = z j as an independent string for
π, while the others are considered as the ±(1, 0) string connected with ±(2, 0) webs on the boundary.
If a (p, q) string can end on the D3-brane introduced as a probe there exists a (p, q)
BPS state in SU(2) theory. We see that there exist the (p, q) BPS states listed in Table   1 (i)-(iii) and (1, 0) in (iv) outside the CMS. Inside the CMS, the allowed BPS state is represented by a string connecting the D3-brane with a 7-brane. These reproduce the known BPS spectrum obtained from the field theoretical analysis. ).
3 SU (2) theory with N f = 2 massive matters
Next we consider SU(2) theory with N f = 2 massive fundamental matters. We assume for simplicity that the matter multiplets have the common mass m ∈ R. The mass formula for a (p, q) s BPS state is given by [1] 
where the quantum number s is associated with the conserved fermion number. In comparing with (5)(6) we have pa(
There appear three singularities in the moduli space. The structure of the moduli space changes at m = Λ/2 where the two singularities collide each other. We shall consider the cases m < Λ/2 and m > Λ/2 separately.
In the case m < Λ/2, following the conventions in [3] , we consider the background with a (1,
and two (0, 1) 0 7-branes at
2 ). The branch cuts stretch from z = z i to −∞ along the real axis. The self-intersection number is obtained from (3)
from which we read off the possible values of n i for the BPS string webs, see Table 2 . A pair of string webs characterized by (n 1 , n 2 , n 4 , n 3 ) and (n 1 , n 2 , n 3 , n 4 ) forms a doublet of the unbroken SU(2) flavor symmetry. They have the same BPS configurations.
A BPS string web containing k vertices is constructed from a k 1 -vertex web and a k 2 -vertex web where k 1 + k 2 = k − 1. When BPS strings with some φ are given, we can construct BPS string webs successively from small k. First, numerical calculations enable From this observation, one may inspect configurations of webs with higher vertices without doing explicit computations. For example, let us consider the case as in Fig.2A .
The strings possible to make vertices are given in Fig.3a -c. The strings with the same charge (p, q) cannot cross since they are parallel under the metric with respect to which (5) is the geodesic condition. Then the strings in Fig.3a and Fig.3b cannot construct a string junction while the string webs with a vertex are constructed by l 1 strings in Fig.3a and l 2 strings in Fig.3c or l 1 strings in Fig.3b and l 2 strings in Fig.3c . We see that (l 1 , l 2 ) = (1, 2) and (1, 1) respectively, since the possible values of l i are determined from Table 2 and (n 1 , n 2 , n 3 +n 4 ) = (l 1 , 0, l 2 ) or (0, l 1 , l 2 ). Note that relative positions of outgoing prongs are determined by comparing the values of |l 1 /l 2 |. As it decreases the direction of the outgoing prong become more parallel to the direction of the strings in Fig.3c . This consideration becomes more relevant than the balance of tension to restricting the directions of outgoing strings. Using these restrictions we are now able to successively construct k-vertex string webs with k = 2, 3 and 4 (see Fig.3h-s) . Note that they consist of 3-string junctions.
The configurations which look like 4-string junctions in Fig.3n -s separate to two types of 3-string junctions. Examining further we see that k-vertex string webs with k ≥ 5 cannot be constructed.
We have drawn Fig.3 Table 2 with n = 0, −1 do not appear in any φ in agreement with the field theory. For the string webs whose outermost vertices are in the upper half-plane, the results are understood from Taking into account the string webs whose vertices are in the lower plane, we find that the Hanany-Witten effect occurs in a more complicated fashion. For instance, comparing the result from Fig.2A and Fig.2D the configuration of (p, q) s string web looks like the mirror image of the configuration of (−p, q) −s string web with respect to the real axis in the z-plane. Then in the limit φ = 0, the vertices of the strings move to the lower halfplane and the configurations change significantly. As an example the string web in Fig.3m changes to the configuration which is the mirror image of Fig.3n . We note that they are exact mirror images. To understand this, note that the Seiberg-Witten curve of the theory with m ∈ R, i.e. argument φ is the mirror image of the configuration of (−p, q) −s with the argument π − φ .
Let us now discuss the CMS in massive N f = 2 theory. It is known that there exist infinitely many types of CMS. They are labeled by [3] ,
where ǫ = sign(Imz). The CMS for each BPS state is listed in the second column in Fig.3 (0 < φ < 0.43π, m/Λ = 0.1) which is determined from the configuration of the corresponding string web and (7). As we vary φ the Hanany-Witten effect may occur to change the web configuration, as a result of which CMS will also change. This is not the case, however, for the web with the outermost vertex located in the upper half-plane. First let us look at the string webs in Fig.3h . It is clearly seen that a prong attached on the vertex on the CMS C ∞ can have the charges (2n + 1, 1) 1 with n ∈ Z except for n = 0, −1. This is exactly the feature (I) of C ∞ . The feature (I) of the other CMS are understood similarly.
Second, the relative size of CMS is determined after solving (8) explicitly in the field theory approach. On the other hand, the result may be geometrically understood when we draw the corresponding web configurations in the brane approach. For example, it is obvious that the CMS C + 0 in Fig.3d -e is larger than C − 0 in Fig.3f-g . In this sense we understand the relative size of CMS in a visual way.
Finally we examine the feature (III) of CMS in view of the brane analysis. We see that all CMS in (8) touch the point z = z 3 as in Fig.4 since a D (z 3 ) = 0 and Ima(z) = 0 on the real axis with z ≥ z 3 due to [a(z)] * = a(z). We also see from (7) that CMS of the webs depicted in Fig.3d -m terminate at the singularities z = z 1 or z 2 . Since the web of (p, q) s in the upper z-plane is the mirror image of the web of (−p, q) −s in the lower b (n 1 , n 2 , n 3 , n 4 ) or (n 1 , n 2 , n 4 , n 3 ) ).
z-plane, it is obvious that CMS of (p, q) s in the upper plane meets CMS of (−p, q) −s in the lower half-plane on the real axis. That CMS C yields the self-intersection number,
Then the possible values of n i for the BPS webs are only those listed in Table 3 . When we take the limit m → ∞ where z 3 = z 4 → ∞, the string webs n 3 , n 4 = 0 are decoupled The configurations for π/2 < φ < π are derived by them using the relation between (a(z), a D (z)) and (ā(z),ā D (z)). Now applying the procedure we have used for m < Λ/2 generate the configurations of BPS string webs from them and reproduces the field theory result. Since our analysis is almost identical with the case of m < Λ/2 we shall refrain from giving details. What is different from the m < Λ/2 case is the observation that the string webs contain at most three vertices. In addition, since 7-branes are all mutually non-local the Hanany-Witten effect occurs more times than the previous m < Λ/2 case. This is in accordance with the field theory result as depicted in Fig.13 of [3] in which there are two types of CMS for (2n, 1) 0 and (2n − 1, 1) −1 string webs with n ≥ 2 in the upper half-plane.
Conclusions
We have obtained explicitly the configurations of the BPS string webs in the 7-brane background corresponding to four-dimensional N = 2 SU(2) theory with N f = 1 massless and N f = 2 massive fundamental matters. The BPS spectrum we have derived is in agreement with the known results of the field theories. In the present analysis there have appeared the string webs containing four vertices at most. String webs containing more vertices would appear when we consider SU(2) theory with matters of arbitrary masses.
There are other interesting theories realized on the world volume of the D3-brane probe, such as the theory with E n global symmetry [9] [17]- [19] and the theory with Sp(2n) gauge symmetry [20] - [23] , whose BPS spectrum is unknown. It is worth analyzing the BPS string webs in corresponding backgrounds.
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